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Abstract
In this study, we show that the measurement problem in quantum me-
chanics can be resolved by means of decoherence prior to measurement,
which is a result of the uncertainty relation within the domain of quantum
mechanics. We examine three elemental experiments: a Stern–Gerlach-
like experiment, the Einstein–Podolsky–Rosen–Bohm (EPR-Bohm) ex-
periment, and the double-slit experiment. By considering the first exper-
iment, we explain how the uncertainty relation between the position and
momentum introduces decoherence prior to measurement. Consideration
of the EPR-Bohm experiment leads us to conclude that the correlation
of the EPR pair is not a consequence of what is known as the collapse of
the wave function. Our theory of decoherence prior to measurement can
also be applied to experiments with continuous eigenvalues, such as the
double-slit experiment.
1 Introduction
The measurement problem in quantum mechanics is one of the unresolved prob-
lems of modern physics, or at least a subject of debate. In pure quantum me-
chanics, which in this study refers to quantum mechanics that includes Born’s
rule [1] but no other additional postulates, such as the projection postulate [2],
the microscopic and macroscopic worlds need to be treated separately. How-
ever, the fact of the matter is these are continuations of each other. Therefore,
it seems that the present formulation of pure quantum mechanics is insufficient
to describe nature. Nevertheless, for many decades it has been unclear how
the measurement problem should be formulated, and many definitions of the
measurement problem exist.
However, in this study, we do not consider a deep discussion of what the
measurement problem actually is. Although it may appear na¨ıve, we define the
measurement problem as follows: Is it not possible to explain the quantum mea-
surement process within the framework of pure quantum mechanics? The answer
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to this question is generally assumed to be negative, and thus it is assumed to
be necessary to adopt some modification of pure quantum mechanics. The most
traditional approach is to adopt the projection postulate. By adopting this pre-
scription, quantum states develop not only unitarily in obeying the Schro¨dinger
equation, but also non-unitarily with the collapse of wave packets in the mea-
surement process. In contrast, the collapse of the wave packet is not assumed in
the many-world interpretation [3][4]. In this interpretation, even macroscopic
states maintain coherent superpositions. Therefore, the assumption that one
outcome is obtained by one appropriate measurement process, which is usually
regarded as a matter of course, is disposed of.
Decoherence [5][6] may be regarded as the most successful theory to explain
the quantum measurement process without any additional postulates. More-
over, this is frequently applied to the many-world interpretation [7]. Decoher-
ence was first proposed by Zeh et al. [8][9], and Zurek’s important work [10] to
this being actively studied. In this theory, the observed decay of interference is
explained as a result of interactions between the system and the environmental
degrees of freedom. For example, a state |Z〉 of the unified system consisting of
an observed system and the measurement device is given by a superposition of
two states |a〉 and |b〉:
|Z〉 = 1√
2
(|a〉+ |b〉). (1)
Then, we suppose that this interacts with the state |E0〉 representing the envi-
ronmental degrees of freedom. The interaction dynamics between these states
are given by
|a〉|E0〉 → |a〉|Ea〉, (2)
|b〉|E0〉 → |b〉|Eb〉. (3)
The density matrix ρˆZ following their interaction is
ρˆZ =
1
2
(|a〉|Ea〉+ |b〉|Eb〉)(〈a|〈Ea|+ 〈b|〈Eb|). (4)
Because the environmental degree of freedom is very large, the states |Ea〉 and
|Eb〉 following the interaction are approximately orthogonal if |a〉 and |b〉 are
distinguishable. Therefore, the reduced density matrix ρˆreZ of the unified sys-
tem of the observed system and the measurement device, which is obtained by
tracing out the environmental degrees of freedom, becomes
ρˆreZ =
1
2
(|a〉〈a|+ |b〉〈b|), (5)
and we observe the decay of the interference. Moreover, the problem of a pre-
ferred basis has also been studied in this framework [13], and a solution was
presented.
However, certain difficulties remain in this decoherence theory. One is that
the unitary interaction between the system and the environment never leads
to the deletion of any interference terms. The reduced density matrix (5) does
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not indicate that the state is in either of the two states |a〉 and |b〉, because
reduced density matrices represent improper mixtures [14], and only provide a
probability distribution. Thus, the coherence has been delocalised into the larger
system including the environment [15]. The next problem may be more severe.
Because the coherent terms vanish after the interaction between the system and
the environment, obtaining an outcome for a superposition of states represents
nothing other than violating the eigenvalue–eigenstate link [16], which states
that eigenvalues and eigenstates have a one-to-one correspondence excluding
degeneracy. Some studies have insisted that this condition is unnecessary [17].
Nevertheless, if we agree with this insistence, then we must accept that quantum
mechanics is insufficient to describe nature.
As stated above, most of studies in this field have given negative answers to
the question of whether explaining the quantum measurement process within
the framework of pure quantum mechanics is possible. However, in this study
we demonstrate that the answer is in fact affirmative, i.e., we can explain the
measurement process within the framework of pure quantum mechanics. We
propose a new decoherence theory, in which the uncertainty of microscopic ob-
jects leads to decoherence before measurement. Because this decoherence occurs
before a measurement, the eigenvalue–eigenstate link can be maintained. Note
that we do not intend to explain the nonlocality of quantum mechanics [18-27]
by means of other concepts, as such an ambitious attempt is beyond our scope.
What we do attempt to illustrate in this study is how measurement processes
can be understood within the scope of pure quantum mechanics.
We examine three experiments in the remainder of this paper. First, in Sec-
tion 2 we examine a Stern–Gerlach-like experiment with an electron to illustrate
our idea of decoherence before measurement. In the Section 3, we apply our
theory to an EPR [28] pair of electrons, and show that the correlation between
spatially-separated particles is not a result of wave packet collapse or other such
processes. In Section 4, the double-slit experiment with electrons is examined
to demonstrate our theory’s effectiveness for cases with continuous eigenval-
ues. This also illuminates how pure quantum mechanics describes the fact that
electrons behave as interfering particles, i.e., particles whose detection rate is
consistent with interference.
2 Stern–Gerlach-like experiment
First, we examine a Stern–Gerlach-like experiment, with an electron (S) whose
spin is measured in the z direction. Here, |+〉 and |−〉 are the electron’s eigen-
states belonging to the eigenvalues +h¯/2 and −h¯/2, respectively. S initially
travels along the x-axis and enters an inhomogeneous magnetic field in the z
direction, where a magnetic force acts on S. When S exits the magnetic field,
it has momentum −p in the z direction if its spin is +h¯/2, and +p if the spin is
−h¯/2. We define the momentum eigenstates | − p〉 and | + p〉 with eigenvalues
−p and +p, respectively. Furthermore, |0〉 is defined as the momentum eigen-
state with momentum 0. Because the operators of the spin and momentum in
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the same direction are commutable, the state of S can be described as a simul-
taneous eigenstate of these operators. We define a unitary operator UˆS that
corresponds to the interaction between S and the magnetic field, i.e.,
UˆS |+〉|0〉 = |+〉| − p〉, (6)
UˆS |−〉|0〉 = |−〉|+ p〉. (7)
We consider the initial state |IS〉 of S defined as
|IS〉 ≡ 1√
2
(
|+〉+ |−〉
)
|0〉. (8)
Then, the state |OS〉 after the interaction between S and the magnetic field is
|OS〉 = UˆS |IS〉
= 1√
2
(
|+〉| − p〉+ |−〉|+ p〉
)
.
(9)
Next, S reaches one of the detectors and this records the event. Ignoring the
development of S’s state between the magnetic field and the detector, the density
matrix ρˆS0 of S just before detection is
ρˆS0 = |OS〉〈OS |. (10)
Because we want to know S’s momentum in the z direction, we must allow
some uncertainty in its position in the same direction. To take this uncertainty
into account, we introduce the density matrix ρˆS(ζ) of S translated at a distance
ζ in the z direction, which is defined as
ρˆS(ζ) ≡ Tˆz(ζ)ρˆS0Tˆ †z (ζ), (11)
where Tˆz(ζ) is the translation operator in the z direction, which satisfies
〈z + ζ|Tˆz(ζ)|OS〉 = 〈z|OS〉
and is defined by
Tˆz(ζ) ≡ exp
(− iPˆzζ
h¯
)
(12)
for the momentum operator Pˆz in the z direction.
Then, we define the averaged density matrix ρˆSav of S with the uncertainty
of its position in the z direction as
ρˆSav ≡ 1
2∆z
∫ −∆z
∆z
dζρˆS(ζ), (13)
where, with the help of (11), we have that
ρˆS(ζ) =
1
2
(
exp
(
+ipζ
h¯
)|+〉| − p〉+ exp (−ipζh¯ )|−〉|+ p〉)
×
(
〈+p|〈−| exp (+ipζh¯ )+ 〈−p|〈+| exp (−ipζh¯ )). (14)
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Here, in order to obtain a macroscopic result we set
h¯ p∆z, (15)
which leads to
1
2∆z
∫ −∆z
∆z
dζ exp
(±2ipζ
h¯
)
' 0.
Therefore, the averaged density matrix, which describes the state of S to be
detected, loses its interference terms and becomes
ρˆSav =
1
2
(
|+〉| − p〉〈−p|〈+|+ |−〉|+ p〉〈+p|〈−|
)
. (16)
If the condition (15) is weakened, then the interference terms in ρˆav would
remain to a certain extent.
In studies that insist that the environment causes decoherence, the same
form as (16) is obtained by taking the partial trace of (10). Because the state
described by (10) is a pure state, the state described by the density matrix after
taking the partial trace is an improper mixture state, which only provides the
probability distribution for the outcome. In contrast, (16) represents a proper
mixture state, and describes the state itself before detection. Therefore, we can
conclude that the state to be detected is not (9), but rather is either |+〉| − p〉
or |−〉| + p〉. In this calculation, we have not used any additional postulates
such as the projection postulate. It is worth noting that this decoherence is not
the result of the interaction between S and the detector or other environmental
factors. Rather, it is the result of the uncertainty relation.
Note also that the density matrix of S is not always written as (16). If we
measure other observables of S, we must average out the density matrix over
its conjugate observable. If we observe another observable of the system, then
we will obtain the averaged density matrix that has a diagonal form in this
observable, as illustrated in the remainder of this section.
Suppose that an ideal macroscopic measuring device M that measures S’s
energy is employed instead of the above-mentioned detector. Furthermore, S is
prepared in its neutral state |r〉, and will be at either of two energy levels E+ and
E− in accordance with its spin after it exits the magnetic field. Vˆ is a unitary
operator that changes |r〉 to |E+〉 or |E−〉, where these are the eigenstates whose
eigenvalues are E+ and E−, respectively:
Vˆ |+〉|r〉 = |+〉|E+〉, (17)
Vˆ |−〉|r〉 = |−〉|E−〉, (18)
|J〉 represents the initial state of their unified system, defined as
|J〉 ≡ 1√
2
(|+〉+ |−〉) |r〉. (19)
Then, the state of S just prior to being detected by M is
Vˆ |J〉 = 1√
2
(
|+〉|E+〉+ |−〉|E−〉
)
, (20)
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and its density matrix ρˆJ0 is given by
ρˆJ0 = Vˆ |J〉〈J |Vˆ †. (21)
Because we measure the energy of S, we require some interval of time. Thus,
we define the density matrix ρˆJav averaged over the measurement time 2∆t as
ρˆJav ≡ 1
2∆t
∫ ∆t
−∆t
dτ exp
(
− iHˆτ
h¯
)
ρˆJ0 exp
(
+
iHˆτ
h¯
)
, (22)
where Hˆ is the Hamiltonian density of S, which satisfies
Hˆ|E+〉 = E+|E+〉,
Hˆ|E−〉 = E−|E−〉.
Thus,
ρˆJav =
1
2∆t
∫ ∆t
−∆t
dτ ρˆJ(τ) (23)
with
ρˆJ(τ) =
1
2
(
exp(−iE+τh¯ )|+〉|E+〉+ exp(−iE−τh¯ )|−〉|E−〉
)
×(〈E−|〈−| exp( iE−τh¯ ) + 〈E+|〈+| exp( iE+τh¯ )). (24)
Here, in order to obtain a macroscopic result we set
(E+ − E−)∆t h¯, (25)
which leads to
1
2∆t
∫ ∆t
∆t
dτ exp
(±i(E+ − E−)τ
h¯
)
' 0. (26)
Therefore, the averaged density matrix in this case becomes
ρˆJav =
1
2
(
|+〉|E+〉〈E∗|〈+|+ |−〉|E−〉〈E−|〈−|
)
. (27)
In this manner, (27) takes a diagonal form in S’s energy.
3 EPR-Bohm experiment
In this section, we examine the EPR-Bohm [29] experiment in which two spin
1/2 particles, labelled by 1 and 2, are considered. The sum of their spins should
be 0, and their initial state is written as
|C〉 = 1√
2
(|u〉1|d〉2 − |d〉1|u〉2), (28)
where |u〉i and |d〉i (i = 1, 2) are the spin eigenstates in the z direction. These
satisfy
(σˆz)i|u〉i = + h¯
2
|u〉i,
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(σˆz)i|d〉i = − h¯
2
|d〉i,
where σˆz is the spin operator in the z direction. The spin operator in the r
direction, which is perpendicular to the direction of the particles’ movement
and makes an angle 2θ with the z direction, is given by
σˆr =
(
cos θ − sin θ
sin θ cos θ
)
σˆz
(
cos θ sin θ
− sin θ cos θ
)
.
Its eigenstates |+〉i and |−〉i are
|+〉i = cos θ|u〉i + sin θ|d〉i,
|−〉i = − sin θ|u〉i + cos θ|d〉i, (29)
and these satisfy
(σˆr)i|+〉i = + h¯
2
|+〉i,
(σˆr)i|−〉i = − h¯
2
|−〉i
Using (28), |C〉 can be rewritten as
|C〉 = 1√
2
(|+〉1|−〉2 − |−〉1|+〉2).
Suppose that two observers simultaneously perform measurements of the
spins of the particles 1 and 2, in the directions z and r, respectively. Rewriting
|C〉 as
|C〉 = 1√
2
[|u〉1(sin θ|+〉2 + cos θ|−〉2)
−|d〉1(cos θ|+〉2 − sin θ|−〉2)
]
,
(30)
we easily calculate that the probabilities of observing the spins of the particles
1 and 2 as (+ h¯2 , +
h¯
2 ), (+
h¯
2 , − h¯2 ), (− h¯2 , + h¯2 ) and (− h¯2 , − h¯2 ) are
〈C|(|u〉〈u|)1(|+〉〈+|)2|C〉 = 1
2
sin2 θ,
〈C|(|u〉〈u|)1(|−〉〈−|)2|C〉 = 1
2
cos2 θ,
〈C|(|d〉〈d|)1(|+〉〈+|)2|C〉 = 1
2
cos2 θ,
〈C|(|d〉〈d|)1(|−〉〈−|)2|C〉 = 1
2
sin2 θ,
respectively.
In the same manner as for the Stern–Gerlach-like experiment, the particles
1 and 2 enter inhomogeneous magnetic fields in the z and r directions, respec-
tively. When the particles exit these magnetic fields, each particle obtains a
momentum in their respective direction. Initially, neither particles should have
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any momentum in the z or r direction. Defining their state with no momenta
as |0〉i, the state |IC〉 before entering the magnetic fields is
|IC〉 = |C〉|0〉1|0〉2.
Then, the state |OC〉 after the interaction between the electrons and the mag-
netic fields is
|OC〉 = UˆC |IC〉
= 1√
2
[|u〉1| − p〉1(sin θ|+〉2| − q〉2 + cos θ|−〉2|+ q〉2)
−|d〉1|+ p〉1(cos θ|+〉2| − q〉2 − sin θ|−〉2|+ q〉2)
]
,
(31)
where the unitary operator UˆC corresponds to the interaction, and p and q are
the momenta in the z and r directions, respectively. As discussed in the previous
section, we must allow some uncertainty of the position in the corresponding
direction of each particle. Therefore, the density matrix ρˆCav that describes the
state to be measured is defined as
ρˆCav ≡ 1
4∆z∆r
∫ −∆z
∆z
dζ
∫ −∆r
∆r
dξρˆC(ζ, ξ), (32)
where ρˆC(ζ, ξ) is the density matrix of particle 1 translated at a distance ζ in
the z direction and particle 2 translated at a distance ξ in the r direction. By
using
Tˆ1z(ζ) ≡ exp
(
− iPˆ1zζ
h¯
)
,
Tˆ2r(ξ) ≡ exp
(
− iPˆ2rξ
h¯
)
,
where Pˆ1z and Pˆ2r are the momentum operators in the z direction of particle 1
and the r direction of particle 2, respectively, ρˆC(ζ, ξ) can be written as
ρˆC(ζ, ξ) ≡ Tˆ1z(ζ)Tˆ2r(ξ)|O〉〈O|Tˆ †2r(ξ)Tˆ †1z(ζ). (33)
Here, in the same manner as in the previous section, in order to obtain a macro-
scopic result we set
h¯ p∆z, h¯ q∆r, (34)
which leads to
1
2∆z
∫ −∆z
∆z
dζ exp
(±2ipζ
h¯
)
' 0,
1
2∆r
∫ −∆r
∆r
dξ exp
(±2iqξ
h¯
)
' 0.
Therefore, the interference terms vanish, and the averaged density matrix takes
a similar form to (16):
ρˆav =
1
2
[
sin2 θ(|u〉| − p〉〈−p|〈u|)1(|+〉| − q〉〈−q|〈+|)2
+ cos2 θ(|u〉| − p〉〈−p|〈u|)1(|−〉|+ q〉〈+q|〈−|)2
+ cos2 θ(|d〉|+ p〉〈+p|〈d|)1(|+〉| − q〉〈−q|〈+|)2
+ sin2 θ(|d〉|+ p〉〈+p|〈d|)1(|−〉|+ q〉〈+q|〈−|)2
]
.
(35)
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Because (35) describes a proper mixed state, the state just before detection is
not a superposition, but rather one of (|u〉|−p〉)1(|+〉|− q〉)2, (|u〉|−p〉)1(|−〉|+
q〉)2, (|d〉| + p〉)1(|+〉| − q〉)2, or (|d〉| + p〉)1(|−〉| + q〉)2. It is worth noting
that the correlation between the spins of both particles should not be a result
of the measurement process, such as with what is known as the collapse of
the wave packet, because (35) is the density matrix before the measurement
process. Therefore, we should not regard the EPR experiment as evidence of
instanteneous propagation of the collapse of the wave packet.
4 Double-slit experiment
In this section, we examine the double-slit experiment, where electrons are emit-
ted at certain intervals. The electrons travel along the x axis and through a
double-slit in the x = 0 plane, and finally arrive somewhere on the screen in
the x = L plane. Each slit is separated in the y direction, and the two slits are
positioned at z = z1 and z = z2. We define the eigenstate |z〉 of the z coordinate
operator zˆ as
zˆ|z〉 = z|z〉.
Moreover, we define |ψ〉 as the state of the electron at x = X (0 ≤ X < L) and
|ψ1〉 and |ψ2〉 as the states via the slits 1 and 2, respectively. Then,
|ψ〉 = |ψ1〉+ |ψ2〉. (36)
The wave function ψ(z) is defined as
|ψ〉 =
∫ ∞
−∞
dz ψ(z)|z〉, (37)
with the normalisation ∫ ∞
−∞
dz |ψ(z)|2 = 1.
The probability density that the electron is observed at x = X, z = z0 is
〈z0〉 = 〈ψ|z0〉〈z0|ψ〉
=
∫
dz
∫
dz′ ψ∗(z′)ψ(z)〈z′|z0〉〈z0|z〉
= |ψ(z0)|2.
(38)
Then, ψ1(z) and ψ2(z) are defined in the same manner as (37), as
|ψ1〉 =
∫ ∞
−∞
dz ψ1(z)|z〉, (39)
|ψ2〉 =
∫ ∞
−∞
dz ψ2(z)|z〉. (40)
Then,
ψ(z) = ψ1(z) + ψ2(z), (41)
and the probability density |ψ(z0)|2 is written as
|ψ(z0)|2 = |ψ1(z0)|2 + |ψ2(z0)|2 + 2<
(
ψ1(z0)ψ
∗
2(z0)
)
. (42)
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4.1 Decoherence just before the screen
In this subsection, the electrons are not assumed to be observed at the slits. In
this case, the interference terms are included in the probability density |ψ(z)|2,
and on the other hand each electron behaves as a particle on the screen. There-
fore, we illustrate here that the density matrix of the electrons just before ar-
riving at the screen is not |ψ〉〈ψ|, but is proportional to∫
dz|ψ(z)|2|z〉〈z|.
In contrast to the previous sections, we must allow some uncertainty in the
momentum in the z direction, because we want to know the position in this
direction. Therefore, we define the averaged density matrix ρˆψav that describes
the state of the electron just before arriving at the screen as
ρˆψav ≡ 1
2h∆p
∫ ∆p
−∆p
dpiρˆψ(pi), (43)
where ρˆψ(pi) is defined as
ρˆψ(pi) ≡ Tˆ (pi)|ψ〉〈ψ|Tˆ †(pi), (44)
with
Tˆ (pi) = exp
( izˆpi
h¯
)
. (45)
Here, Tˆ (pi) is the operator that changes the momentum and satisfies
〈p+ pi|Tˆ (pi)|ψ〉 = 〈p|ψ〉,
where |p〉 is the eigenstate of the momentum in the z direction. Then,
ρˆψav =
∫ ∆p
−∆p
dpi
2h∆p
∫
dz
∫
dz′ψ∗(z′)ψ(z) exp
( i(z − z′)pi
h¯
)
|z〉〈z′| (46)
Here, in order to obtain a macroscopic result on the screen we set
h¯ (z − z′)∆p,
which leads to ∫ ∞
∆p
dpi exp
( i(z − z′)pi
h¯
)
= 0. (47)
By means of this equation, we can determine a delta-functional in (46) as follows:
1
2∆p
∆p∫
−∆p
dpi exp
(
i(z−z′)pi
h¯
)
∼ 1δ(0)
∞∫
−∞
dpi exp
(
i(z−z′)pi
h¯
)
= hδ(0)δ(z − z′),
(48)
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and (46) becomes
ρˆψav =
1
δ(0)
∫
dz
∫
dz′ψ∗(z′)ψ(z)δ(z − z′)|z〉〈z′|
= 1δ(0)
∫
dz|ψ(z)|2|z〉〈z|. (49)
Here, (49) is the desired form of the density matrix. Because the state that (49)
describes is a proper mixture, we can predict that each electron will behave
as a particle. On the other hand, because |ψ(z)|2 is a probability density that
includes the interference terms, the marks the electrons leave on the screen form
striped interference pattern.
4.2 Decoherence near the slits
Next, we examine the case in which the electrons are assumed to be observed
near either of the slits, i.e., at x = X ' 0. In this case,
ψ1(z)ψ
∗
2(z) = 0, (50)
from definition of ψ1(z) and ψ2(z). Therefore, (49) becomes
ρˆψav =
1
δ(0)
∫
dz
(
|ψ1(z)|2 + |ψ2(z)|2
)
|z〉〈z|, (51)
which shows that the interference terms have vanished. If we observe the
electron on the screen again, its probability density is not |ψ(z)|2 but rather
|ψ1(z)|2 + |ψ2(z)|2.
5 Conclusion
In brief, we have demonstrated in this study that the quantum measurement
process can be explained within the framework of pure quantum mechanics.
We believe that our study can be applied to a more general discussion on the
quantum-to-classical transition.
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